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Proposition. V contains non-zero idempotents.
Now, for every idempotent a ∈ V , we have the Peirce decomposition of V relative to a : for k = 0, 1/2, 1, let us put V k (a) := {x ∈ V ; ax = kx}, then ( * ) V = V 0 (a) ⊕ V 1/2 (a) ⊕ V 1 (a) (orthogonal direct sum) with the multiplication rule : (here we write V k instead of V k (a) for simplicity)
Moreover,
The orthogonal projections E k (a) of V onto V k (a) are expressed respectively as E 1 (a) = P (a), Two idempotents a, b ∈ V are said to be orthogonal if ab = 0. Then,
A non-zero idempotent a is said to be primitive if a cannot be expressed as a sum of non-zero orthogonal idempotents. This is equivalent to the property V 1 (a) = Ra.
We denote by I 1 the set of primitive idempotents in V .
From now on, the JH-algebra V is supposed to be topologically simple (i.e., non-trivial closed ideal).
Lemma. If a, b
In view of this lemma, we now normalize the inner product of V so that a = 1 for any a ∈ I 1 . Since every idempotent is expressed as a finite sum of orthogonal primitive idempotents, we see that an idempotent a is primitive if and only if a = 1.
Let GL(V ) be the multiplicative group of invertible elements B(V ) × of the Banach algebra B(V ) of all bounded linear operators defined everywhere on V .
Let T ∈ B(V ). Then, T ∈ GL(V ) if and only if T is bijective by the open mapping theorem. The group GL(V ) has a natural Banach-Lie group structure in the norm topology. Let Aut(V ) denote the automorphism group of the JH-algebra V :
Thus, as an algebraic subgroup of degree 2 of GL(V ), Aut(V ) inherits a BanachLie group structure from GL(V ) by [ 2 ] . Thus Aut(V ) is a Banach-Lie group in the norm topology. Let O(V ) be the orthogonal group of V :
where t T denotes the adjoint operator of T . O(V ) is also a Banach-Lie group in the norm topology for the same reason.
Primitive idempotents as a Riemannian Hilbert manifold.
In this section, we introduce a Riemannian manifold structure on I 1 in such a way that the inclusion I 1 → V is an embedding. For finite dimensional JHalgebras treated by U. Hirzebruch [ 3 ] , the manifold structure is defined as a homogeneous space of the finite dimensional compact Lie group Aut(V ). However, since Aut(V ) is merely a Banach-Lie group in the infinite dimensional case, we prefer to introduce a Riemannian manifold structure modelled on a Hilbert space in a more explicit manner.
We first note that I 1 is a closed subset of V . For every a ∈ I 1 , we put
Let us define two maps ξ a , η a as follows :
Proposition. One has
Image(η a ) = N a and the two maps are inverses to each other :
Let a ∈ I 1 and consider the Peirce decomposition ( * ). We define a map Φ a as follows :
The inverse mapping theorem then guarantees the existence of an open
we can therefore introduce a manifold structure on I 1 as a submanifold of the Hilbert space V . Furthermore the inclusion ι : I 1 → V has the following local expression :
The topology of I 1 being the induced one from V , we thus see the inclusion ι is an embedding, so that the tangent space T a (I 1 ) at a is identified with V 1/2 (a). In this way, I 1 now inherits a Riemannian manifold structure as a closed submanifold of the Hilbert space V .
Riemannian distance and two-point homogeneity.
Let M be an arcwise connected Riemannian manifold. By definition the Riemannian distance dist : M × M → R between two points p, q ∈ M is dist(p, q) := inf { length(γ) ; γ a curve from p to q }.
We know that the function 'dist' determines a metric on M compatible with the given topology on M . Unlike finite dimensional cases, there may exist two points on M which miss a minimizing geodesic even if M is complete with respect to 'dist' [ 1 ] . Now, let I 1 be the Riemannian manifold of primitive idempotents in the JHalgebra V . Since the tangent space T a (I 1 ) at a ∈ I 1 is identified with V 1/2 (a), we shall consider every vector field on I 1 as a V -valued function such that the value at a ∈ I 1 is contained in V 1/2 (a). Thus, for a vector field Y on I 1 , d a Y (a ∈ I 1 ) denotes the tangent map at a of the V -valued function Y on I 1 , so that d a Y is a bounded linear operator V 1/2 (a) → V . Let X(I 1 ) denote the set of vector fields on
(a ∈ I 1 and X, Y ∈ X(I 1 )).
Then, one can show by a standard calculation that the connection ∇ is LeviCivita : the parallel transport associated to ∇ is an isometry and the torsion tensor vanishes. Furthermore, it is Aut(V )-invariant : 
Then, exp tD(x, y) ∈ Aut(V ) for every t ∈ R.
Let a ∈ I 1 and x ∈ V 1/2 (a). Then, it turns out that the curve R t → γ a,x (t) := (exp tD(x, a) )a is a geodesic with γ a,x (0) = a andγ a,x (0) = x :
Let us define the Exponential mapping Exp a at a ∈ I 1 by Exp a (x) := γ a,x (1) for
Proposition. The map Exp a is a diffeomorphism of B a onto N a and
Denote by Log a the inverse map of Exp a , then
where ψ(t) : 
Theorem. The Riemannian manifold I 1 is two-point homogeneous
: suppose dist(a 1 , b 1 ) = dist(a 2 , b 2 ) for a 1 , a 2 , b 1 , b 2 ∈ I 1 , then there is T ∈ Aut(V ) such that
Sectional curvature.
We consider the curvature tensor :
Let a ∈ I 1/2 . For x, y ∈ V 1/2 (a), we let R a (x, y) ∈ B(V 1/2 (a)) the associated curvature operator obtained from the curvature tensor R. We have
Now, for x, y ∈ V 1/2 (a) with x = y = 1 and x | y = 0, the sectional curvature k a (x, y) at a ∈ I 1 is defined as
Before giving a formula for k a (x, y), we note here that if x ∈ V 1/2 (a) with x = 1, then 2x 2 − a is a primitive idempotent orthogonal to a.
Theorem. The sectional curvature of I 1 is given by
In particular,
We end this talk by mentioning some usefulness of the unified formula for On the other hand, if V is the spin factor S(e, H), then 2x 2 = e for all x ∈ V 1/2 (a) with x = 1. Thus, E 1/2 (c) = E 1/2 (e − a) = E 1/2 (a). Hence, k a (x, y) = 2 in the spin factor case. In this case, I 1 is identified with the sphere of radius 1/2 in the Hilbert space H.
